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LAMPIRAN 

 

Lampiran 1. Perhitungan Titik Kesetimbangan 𝑬𝟒 

Berdasarkan titik kesetimbangan 𝐸4 (𝛾,
𝛿

𝛼
,
𝑛0−𝜂𝛾

𝛼
, 𝛽𝑛0 +

𝜂𝛿

𝛼
, 𝑛0) didapatkan matriks Jacobi 

 

𝐽 =

[
 
 
 
 
 

0 𝜂𝛾 0 −𝛾 𝛽𝛾

−
𝜂𝛿

𝛼
0 −𝛿 0

𝛿

𝛼
0 𝑒32 0 0 0

𝑒41 0 0 0 0
−𝜇𝛽𝑛0 −𝜇𝑛0 𝜇𝛿 𝜇𝛾 −𝑒55]

 
 
 
 
 

. 

 

Untuk memperoleh nilai eigen dari matriks di atas, maka |𝐽 − 𝜆𝐼| =
0, sehingga  
 

|𝐽 − 𝜆𝐼| =

[
 
 
 
 
 

−𝜆 𝜂𝛾 0 −𝛾 𝛽𝛾

−
𝜂𝛿

𝛼
−𝜆 −𝛿 0

𝛿

𝛼
0 𝑒32 −𝜆 0 0

𝑒41 0 0 −𝜆 0
−𝜇𝛽𝑛0 −𝜇𝑛0 𝜇𝛿 𝜇𝛾 −𝑒55 − 𝜆]

 
 
 
 
 

      

𝑏1 −
𝛾

𝜆
𝑏4

−
−
−

𝑏5 +
𝜇𝛾

𝜆
𝑏4

 

 

= (−𝜆)

[
 
 
 
 
 
 −𝜆 −

𝑒41𝛾

𝜆
𝜂𝛾 0 𝛽𝛾

−
𝜂𝛿

𝛼
−𝜆 −𝛿

𝛿

𝛼
0 𝑒32 −𝜆 0

−𝜇𝛽𝑛0 +
𝑒41𝜇𝛾

𝜆
−𝜇𝑛0 𝜇𝛿 −𝑒55 − 𝜆]

 
 
 
 
 
 

      

−

𝑏2 −
𝛿

𝜆
𝑏3

−

𝑏4 +
𝜇𝛿

𝜆
𝑏3

 

 

= 𝜆2

[
 
 
 
 
 −𝜆 −

𝑒41𝛾

𝜆
𝜂𝛾 𝛽𝛾

−
𝜂𝛿

𝛼
−𝜆 −

𝑒32𝛿

𝜆

𝛿

𝛼

−𝜇𝛽𝑛0 +
𝑒41𝜇𝛾

𝜆
−𝜇𝑛0 +

𝑒32𝜇𝛿

𝜆
−𝑒55 − 𝜆]

 
 
 
 
 

= 0, 
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diperoleh 
 

|𝐽 − 𝜆𝐼| = 𝜆2 [(−𝜆 −
𝑒41𝛾

𝜆
)(−𝜆 −

𝑒32𝛿

𝜆
) (−𝑒55 − 𝜆) +

𝜂𝛾
𝛿

𝛼
(−𝜇𝛽𝑛0 +

𝑒41𝜇𝛾

𝜆
) + 𝛽𝛾 (−

𝜂𝛿

𝛼
) (−𝜇𝑛0 +

𝑒32𝜇𝛿

𝜆
) −

(−𝜇𝛽𝑛0 +
𝑒41𝜇𝛾

𝜆
) (−𝜆 −

𝑒32𝛿

𝜆
)𝛽𝛾 − (−𝜇𝑛0 +

𝑒32𝜇𝛿

𝜆
)

𝛿

𝛼
(−𝜆 −

𝑒41𝛾

𝜆
) − (−𝑒55 − 𝜆) (−

𝜂𝛿

𝛼
)𝜂𝛾] = 0,  

 

atau  
 

|𝐽 − 𝜆𝐼| = 𝑒55𝜆
4 + 𝜆5 + 𝑒32𝜇𝛽𝛾𝛿𝜆2 + 𝑒32𝛿𝜆3 +

𝑒41𝜇𝛾𝛿

𝛼
𝜆2 +

𝑒41𝛾𝜆3 +
𝜇𝛿𝑛0

𝛼
𝜆3 + 𝑒32𝑒41𝛾𝛿𝜆 +

𝑒32𝑒41𝛾𝛿𝜇

𝛼
𝜆 +

𝑒32𝛽𝛾𝜂𝛿2𝜇

𝛼
𝜆 + 𝑒32𝜇𝛽2𝛾𝛿𝑛0𝜆 + 𝜇𝛽2𝛾𝑛0𝜆

3 +
𝛿𝛾𝜂2

𝛼
𝜆3 +

𝑒55𝛿𝛾𝜂2

𝛼
𝜆2 = 0,  

 

atau dapat disederhanakan menjadi 
 

𝜆5 + 𝑎1𝜆
4 + 𝑎2𝜆

3 + 𝑎3𝜆
2 + 𝑎4𝜆 = 0, 

 

dengan 
 

𝑎1 = 𝑒55 , 

𝑎2 = 𝑒41𝛾 + 𝑒32𝛿 + 𝜇𝛽2𝑛0𝛾 +
𝜂2𝛿𝛾

𝛼
+

𝜇𝑛0𝛿

𝛼
, 

𝑎3 =
𝑒41𝛾𝜇𝛽𝛿

𝛼
+ 𝑒32𝛾𝜇𝛽𝛿 +

𝑒55𝜂
2𝛿𝛾

𝛼
, 

𝑎4 = 𝑒32𝑒41𝛾𝛿 + 𝑒32𝑛0𝜇𝛽2𝛾𝛿 +
𝑒41𝑛0𝛾𝜇𝛿

𝛼
+

𝑒32𝛿
2𝜂𝛾𝜇𝛽

𝛼
 

 −
𝑒41𝛾

2𝜇𝜂𝛿

𝛼
. 
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Lampiran 2. Perhitungan Titik Kesetimbangan 𝑬𝟕 

Matriks Jacobi titik kesetimbangan 𝐸7(𝛾, 𝑓0, 0, 𝛽𝜂𝛾 + 𝜂𝑓0, 𝜂𝛾) 

sebagai berikut 
 

𝐽 =

[
 
 
 
 

0 𝜂𝛾 0 −𝛾 𝛽𝛾
−𝜂𝑓0 0 −𝛼𝑓0 0 𝑓0

0 0 −𝑒33 0 0
𝑒41 0 0 0 0

−𝜇𝛽𝜂𝛾 −𝜇𝜂𝛾 𝜇𝛿 𝜇𝛾 −𝑒55]
 
 
 
 

. 

 

Untuk memperoleh nilai eigen dari matriks di atas, maka |𝐽 − 𝜆𝐼| =
0, sehingga  
 

|𝐽 − 𝜆𝐼| =

[
 
 
 
 

−𝜆 𝜂𝛾 0 −𝛾 𝛽𝛾
−𝜂𝑓0 −𝜆 −𝛼𝑓0 0 𝑓0

0 0 −𝑒33 − 𝜆 0 0
𝑒41 0 0 −𝜆 0

−𝜇𝛽𝜂𝛾 −𝜇𝜂𝛾 𝜇𝛿 𝜇𝛾 −𝑒55 − 𝜆]
 
 
 
 

 

 

= (−𝑒33 − 𝜆) [

−𝜆 𝜂𝛾 −𝛾 𝛽𝛾
−𝜂𝑓0 −𝜆 0 𝑓0
𝑒41 0 −𝜆 0

−𝜇𝛽𝜂𝛾 −𝜇𝜂𝛾 𝜇𝛾 −𝑒55 − 𝜆

]       

𝑏1 −
𝛾

𝜆
𝑏3

−
−

𝑏4 +
𝜇𝛾

𝜆
𝑏3

 

 

= (𝜆2 + 𝑒33𝜆)

[
 
 
 
 −𝜆 −

𝑒41𝛾

𝜆
𝜂𝛾 𝛽𝛾

−𝜂𝑓0 −𝜆 𝑓0

−𝜇𝛽𝜂𝛾 +
𝑒41𝜇𝛾

𝜆
−𝜇𝜂𝛾 −𝑒55 − 𝜆]

 
 
 
 

= 0, 

 

diperoleh  
 

|𝐽 − 𝜆𝐼| = (𝜆2 + 𝑒33𝜆) [(−𝜆 −
𝑒41𝛾

𝜆
) (−𝜆)(−𝑒55 − 𝜆) +

𝜂𝛾𝑓0 (−𝜇𝛽𝜂𝛾 +
𝑒41𝜇𝛾

𝜆
) + 𝛽𝛾(−𝜂𝑓0)(−𝜇𝜂𝛾) −

(−𝜇𝛽𝜂𝛾 +
𝑒41𝜇𝛾

𝜆
) (−𝜆)𝛽𝛾 − (−𝜇𝜂𝛾)𝑓0 (−𝜆 −

𝑒41𝛾

𝜆
) −

(−𝑒55 − 𝜆)(−𝜂𝑓0)𝜂𝛾] = 0,  
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atau  
 

|𝐽 − 𝜆𝐼| = 𝑒55𝜆
4 + 𝜆5 + 𝑒32𝜇𝛾𝑓0𝜆

2 + 𝑒41𝛾𝜆3 + 𝜇𝛽2𝜂𝛾2𝜆2 +
𝜇𝜂𝛾𝑓0𝜆

3 + 𝑒55𝜂
2𝑓0𝛾𝜆2 + 𝜂2𝑓0𝛾𝜆3 + 𝑒33𝑒55𝜆

3 +
𝑒32𝛽𝛾𝜂𝛿2𝜇

𝛼
𝜆 + 𝑒55𝜆

4 + 𝑒33𝑒41𝜇𝛾𝑓0𝜆 + 𝑒33𝑒41𝛾𝜆2 +

𝑒33𝜇𝛽2𝜂𝛾2𝜆2 + 𝑒33𝜇𝜂𝛾𝑓0𝜆
2 + 𝑒33𝑒55𝜂

2𝑓0𝛾𝜆 +
𝑒33𝜂

2𝑓0𝛾𝜆2 = 0,  
 

atau dapat disederhanakan menjadi 
 

𝜆5 + 𝑎1𝜆
4 + 𝑎2𝜆

3 + 𝑎3𝜆
2 + 𝑎4𝜆 = 0, 

 

dengan 
 

𝑎1 = 𝑒55+𝑒33, 

𝑎2 = 𝑒33𝑒55 + 𝑒41𝛾 + 𝜇𝜂𝛾𝑓0 + 𝛾𝑓0 +  𝜇𝛽2𝜂𝛾2,  

𝑎3 = 𝑒33𝜇𝜂𝛾𝑓0 + 𝑒33𝜂
2𝛾𝑓0 + 𝑒55𝜂

2𝛾𝑓0 + 𝑒33𝑒41𝛾 

 +𝑒41𝜇𝛾𝑓0 + 𝑒33𝜇𝛽2𝜂𝛾2, 

𝑎4 = 𝑒33𝑒55𝜂
2𝛾𝑓0 + 𝑒33𝑒41𝜇𝛾𝑓0. 
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Lampiran 3. Perhitungan Titik Kesetimbangan 𝑬𝟖 

Matriks Jacobi titik kesetimbangan 𝐸8  (𝛾,
𝑝0

𝜂
− 𝛽𝛾, 0, 𝑝0, 𝜂𝛾) 

sebagai berikut 
 

𝐽 =

[
 
 
 
 
 

0 𝜂𝛾 0 −𝛾 𝛽𝛾
−𝜂𝑒25 0 −𝛼𝑒25 0 𝑒25

0 0 −𝑒33 0 0
𝑝0 0 0 0 0

−𝜇𝛽𝜂𝛾 −𝜇𝜂𝛾 𝜇𝛿 𝜇𝛾 −
𝜇𝑝0

𝜂 ]
 
 
 
 
 

. 

 

Untuk memperoleh nilai eigen dari matriks di atas, maka |𝐽 − 𝜆𝐼| =
0, sehingga  
 

|𝐽 − 𝜆𝐼| =

[
 
 
 
 
 

−𝜆 𝜂𝛾 0 −𝛾 𝛽𝛾
−𝜂𝑒25 −𝜆 −𝛼𝑒25 0 𝑒25

0 0 −𝑒33 − 𝜆 0 0
𝑝0 0 0 −𝜆 0

−𝜇𝛽𝜂𝛾 −𝜇𝜂𝛾 𝜇𝛿 𝜇𝛾 −
𝜇𝑝0

𝜂
− 𝜆

]
 
 
 
 
 

 

 

(−𝑒33 − 𝜆)

[
 
 
 
 

−𝜆 𝜂𝛾 −𝛾 𝛽𝛾
−𝜂𝑒25 −𝜆 0 𝑒25

𝑝0 0 −𝜆 0

−𝜇𝛽𝜂𝛾 −𝜇𝜂𝛾 𝜇𝛾 −
𝜇𝑝0

𝜂
− 𝜆

]
 
 
 
 

     

𝑏1 −
𝛾

𝜆
𝑏3

−
−

𝑏4 +
𝜇𝛾

𝜆
𝑏3

 

 

(𝜆2 + 𝑒33𝜆)

[
 
 
 
 −𝜆 −

𝑝0𝛾

𝜆
𝜂𝛾 𝛽𝛾

−𝜂𝑒25 −𝜆 𝑒25

−𝜇𝛽𝜂𝛾 +
𝑝0𝜇𝛾

𝜆
−𝜇𝜂𝛾 −

𝜇𝑝0

𝜂
− 𝜆

]
 
 
 
 

= 0, 

 

sehingga diperoleh determinan matriks sebagai berikut 
 

|𝐽 − 𝜆𝐼| = (𝜆2 + 𝑒33𝜆) [(−𝜆 −
𝑝0𝛾

𝜆
) (−𝜆) (−

𝜇𝑝0

𝜂
− 𝜆) +

𝜂𝛾𝑒25 (−𝜇𝛽𝜂𝛾 +
𝑝0𝜇𝛾

𝜆
) + 𝛽𝛾(−𝜂𝑒25)(−𝜇𝜂𝛾) −
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(−𝜇𝛽𝜂𝛾 +
𝑝0𝜇𝛾

𝜆
) (−𝜆)𝛽𝛾 − (−𝜇𝜂𝛾)𝑒25 (−𝜆 −

𝑝0𝛾

𝜆
) −

(−
𝜇𝑝0

𝜂
− 𝜆) (−𝜂𝑒25)𝜂𝛾] = 0,  

 

atau  
 

|𝐽 − 𝜆𝐼| =
𝜇𝑝0

𝜂
𝜆4 + 𝜆5 + 𝑒25𝜇𝛾𝜆2 + 𝑝0𝛾𝜆3 + 𝜇𝛽2𝜂𝛾2𝜆3 +

𝑒25𝜂𝜇𝛾𝜆3 + 𝑒25𝛾𝜂𝜇𝑝0𝜆
2 + 𝑒25𝜂

2𝜆3 +
𝑒33𝜇𝑝0

𝜂
𝜆3 +

𝑒33𝜆
4 + 𝑒33𝑒25𝛾𝜇𝑝0𝜆 + 𝑒33𝛾𝑝0𝜆

2 + 𝑒33𝜂𝜇𝛾2𝛽2𝜆2 +
𝑒33𝑒25𝜂𝜇𝛾𝜆2 + 𝑒25𝑒33𝛾𝜂𝜇𝑝0𝜆 + 𝑒25𝑒33𝜂

2𝛾𝜆2 = 0,  
 

atau dapat disederhanakan menjadi 
 

𝜆5 + 𝑎1𝜆
4 + 𝑎2𝜆

3 + 𝑎3𝜆
2 + 𝑎4𝜆 = 0, 

 

dengan 
 

𝑎1 = 𝑒33 +
𝜇𝑝0

𝜂
, 

𝑎2 = 𝑒25𝜂𝜇𝛾 + 𝑝0𝛾 + 𝜇𝜂𝛽2𝛾2 + 𝑒25𝜂
2𝛾 +

𝑒33𝜇𝑝0

𝜂
, 

𝑎3 = 𝑒33𝛾𝑝0 + 𝑒33𝑒25𝜂𝜇𝛾 + 𝑒25𝛾𝜂𝜇𝑝0 + 𝑒25𝜇𝛾𝑝0 

+𝑒33𝜂𝜇𝛾2𝛽2 + 𝑒25𝑒33𝜂
2𝛾, 

 

𝑎4 = 𝑒33𝑒25𝛾𝜇𝑝0 + 𝑒25𝑒33𝛾𝜂𝜇𝑝0. 
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